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Abstract. We introduce a revised notion of gauge action in relation with Leavitt path 
algebras. This notion is based on group schemes and captures the full information of the 
grading on the algebra as it is the case of the gauge action of the graph C*-algebra of the 
graph. 

1. Notations 

For a graph E denote by C*{E) the graph C*-algebra (see for instance [10]) and given 
any field K, denote by Lk{E) the Leavitt path algebra associated to E (see [2j). As 
usual for any ring k we will denote by A;^ the group of invertible elements of k. Also 
denote by T := the unit circle in M^. When we speak of the canonical Z-grading on 
C*{E) or in Lk{E) we mean the one for which the vertex are of degree and the element 
/i ■ ■ ■ fngl ■ ■ ■ dm is homogeneous of degree n — m (for any collection of edges /, and gj). 
Now let A = C*{E) or Lk{E) and consider the canonical Z-grading A = (BnAn- Then for 
any n we consider the canonical epimorphism p: Z ^ Zn and the grading A = (B^Z^Bi 
where Bi = ©p(„)=iA„. This is a coarsening of the canonical Z-grading and since it is a 
Z„-grading, we call it the canonical Z„-grading on A. In path algebras literature, for a 
path /i in a graph E we denote the source of /i by s(//) and the range of by r(/x). 

2. Drawbacks of the conventional definition 

The gauge action of the C*-algebra A := C*{E) of a graph E is defined as the group 
homomorphism p: T — > aut(74) such that p{z){u) = u for each vertex u of the graph and 
p[z)[f) = zf, p{z){f*) = z~^f* for any arrow / and any z E T (see fiO\). With this 
definition of the gauge action we can recover the homogeneous components of A easily 
since for any integer n we have that An is just the set of all a E A such that for any z G T 
we have p{z){a) = z^a. Thus the grading on A induces the gauge action but reciprocally, if 
we are given the gauge action we reconstruct immediately the homogeneous components of 
the grading. Since the gauge action of A codifies all the information of the graded algebra 



2000 Mathematics Subject Classification. Primary 16D70. 

Key words and phrases. Leavitt path algebra, graph C*-algebra, Gauge action, Group functor, afhne 
group scheme. 

The authors have been supported by the Spanish MEG and Fondos FEDER through project MTM2010- 
15223, jointly by the Junta de Andalucia and Fondos FEDER through projects FQM-336, FQM-2467 and 
FQM-3737 and by the Spanish Ministry of Education and Science under project "Ingenio Mathematica 
(i-math)" No. GSD2006-00032 (Gonsohder-Ingenio 2010). 

1 



2 



M. G. CORRALES, D. MARTIN, AND C. MARTIN 



A all the notions related to this graded structure can be defined in terms of the action. 
That is the reason why the gauge action is omnipresent in the theory of graph C*-algebras. 
Most research works on this kind of C*-algebras involve its gauge action. By contrast, 
most works on Leavitt path algebras miss the gauge action in the terms in which it has 
been defined in the literature. 

Let us think about the "official" definition of the gauge action of a Leavitt path K-algebra 
B := Lk{E) (see [1]). This is nothing but the group homomorphism r: — > aut(i?) 
such that t{z){u) = u, T(z){f) = zf and T{z){f*) = z~^f* for any vertex u, any edge / 
and any z G . 

Drawback 1. The gauge action r does not capture the whole information of the graded 
algebra Lk{E). 

Proof. In fact in some extreme cases r contains no information at all simply because 
T is trivial. For instance take = F2 to be the field of two elements. Then is the 
trivial group = {1} and r is the trivial group homomorphism 1 1. So in this case 
r gives no information at all of the grading on B = Lx{E). In other cases in which r is 
not trivial, we can not recover the original grading on B. Take for instance K = F3 so 
that = {±1} = Z2. Then r is completely determined by r(— 1). If we denote by Bn 
the homogeneous component of degree n of the canonical grading on B, then Bn does not 
agree with the subspace 



In fact the above subspace agrees with {x E B: r(— l)(a;) = (— and is the direct sum 
of homogeneous components of even degree (if n is even) and the sum of components of 
odd degree if n is odd. So what we get from the gauge action is the canonical Z2-grading 
obtained as a coarsening of the canonical Z-grading of B. By contrast with what happens 
to the gauge action on C*{E) we have 



but equality rarely holds (it holds for instance if K is of characteristic 0). 

Drawback 2. For the gauge action p of A = C*{E) the notion of graded ideal is equivalent 
to that of p-invariant ideal. This is not the case for the gauge action t of B = Lk{E). 

Proof. Recall that an ideal / of A is p-invariant if and only p{z){I) C / for all 2; G T. 
Of course when an ideal / of A is a graded ideal then it is p-invariant. On the other hand 
if p{z){I) C / for any 2; G T it is easily seen that I is graded by a Vandermonde argument. 
Indeed if we take a G / we know that a = J2n '^n where a„ G An (homogeneous component 
of degree n) then p{z){a) G / hence ^„ -2"a„ G / for any 2; G T. Thus 



{x e B: t{z){x) = 2;"x,for all z e K""}. 



Bn C {x e B: t{z){x) = 2;"x,for all z e K^} 



(\ 




2fc+l 
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G / X ■ ■ ■ X / =: J2^+1 
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(a_fc, . . . , ao, Oi, . . . afc) 
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for any collection of Zi G T. Denoting by M the matrix in the right hand member of 
equation ([T]) if this matrix were invertible then could conclude that 

(a_fc, . . . , ao, fli, . . . Qfc) G p^^^ 

hence an & I for every n. But the determinant of M is a Vandermonde determinant which 
is nonzero if and only if the Zi are all different. For the graph C*-algebra there is no 
problem because the ground field is C. But for the Leavitt path algebra B the possibility 
of choosing these scalars all different depends on the ground field and it is not always 
guaranteed. Thus in general we do not have that gauge invariant ideals of B are graded 
ideals . 

Drawback 3. Consider two graph C* -algebras Ai (i = 1,2) with associated gauge actions 
Pi. Define a homomorphism f : Ai A2 to be a gauge-homomorphism when for any 2; G T 
the following square is commutative 

A\ Ao 

In a similar fashion can we define the notion of a gauge homomorphism of Leavitt path 
algebras. However while the notion of gauge-homomorphism is equivalent to that of graded 
homomorphism in the setting of graph C* -algebras, it is not the case that for Leavitt path 
algebras, both notions agree. 

Proof. In the ambient of Leavitt path algebras the gauge action may be even trivial (if the 
ground field has characteristic 2). Thus gauge- homomorphisms are simply homomorphism 
in this case. Since not every homomorphism is graded we see that both notions do not 
agree. For graph C*-algebras we can do a Vandermonde argument as before to prove that 
both notions agree. Of course this drawback and the previous do not exist for Leavitt 
path algebras over infinite fields but we would like to give a notion of gauge action which 
overcomes these difficulties and does not depend so much of the ground field. 

Some more drawbacks will be explained in the sequel. For the moment we can realize that 
the canonical Z-grading of graph C*-algebras and also in Leavitt path algebras are present 
in many argumentations on these algebras. Frequently we can argue on homogeneous 
elements and then generalize to arbitrary ones. That is why is so frequent to find the 
gauge action in the graph C*-algebra literature and not in the Leavitt path algebra one 
(where one must replace gauge action arguments with others involving the canonical Z- 
grading) . 



Drawback 4. The Gauge-Invariant Uniquenes Theorem is stated in [TO] in the following 
terms 

Theorem 1. ( |10[ Theorem 2.2, p. 16]) Let E be a row-finite graph and suppose that {T, Q} 
is a Cuntz-Krieger E -family in a C* -algebra B with each Qy ^ 0. If there is a continuous 
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action /?: T — )• aut{B) such that j3{z){Tf,) = zT^ for every e E and (3{z){Q^) = for 
every v E E^ , then t!'t,q is an isomorphism onto C*{T, Q). 

As far as we know the best version of the previous theorem for Leavitt path algebras is 
given in pLi Theorem 1.8, p. 6] and it claims: 

Theorem 2. (The Algebraic Gauge-Invariant Uniqueness Theorem.) Let E be a row-finite 
graph, let K be an infinite field, and let A be a K -algebra. Suppose (p: Lk{E) A is a 
K -algebra homomorphism such that (fi{v) ^ for every v E E^ . If there exists a group 
action a: — )■ AutxiA) such that (p o rf = at o (p for every t G , then is injective. 

As we shall see, the hypothesis on the infiniteness of K is not necessary if we use the 
schematic version of the gauge action. 

Drawback 5. The natural translation of the crossed product of C* -algebras to a purely 
algebraic setting must be made carefully. 

We recall the definition of the crossed product of C*-algebras. Assume that A and 
B are C*-algebras and G a compact abelian group with actions fi: G ^ aut{A) and 
v: G ^ aut(5). Consider next the action A: G — )• aut(A ® B) defined by \{g){a ®h) = 
IJ,{g){a) ® iy{g~^){b). Define now the crossed product A (g)^ B as the fixed point algebra 
under the action A. 

The gauge action of a graph C*-algebra has been successfully applied to certain interest- 
ing constructions in [3] and |6] . Take two row-finite graphs E and F and define its product 
E X F := X F^,E^ x F\r,s) where s{f,g) = {s{f),s{g)) and r{f,g) = {r{f),r{g)) 
for any {f,g) E E^ x F^. Though this is not the usual definition of the product of two 
graphs, this notion is interesting for us since it allows to describe the crossed product of 
graph C*-algebras. Indeed, it is proved in [3] Proposition 4.1, p. 62] that if E and F are 
row-finite graphs with no sinks, then there is an isomorphism 

G*{E X F) = C*{E) ®T C*{F). 

If we take a naive interpretation of the crossed product of algebras, the similar property 
for Leavitt path algebras does not hold (for instance if the gauge action of a Leavitt path 
algebra is trivial then we would have Lk{E x E) = Lk{E) Lk{E). But this is not 
true, since you can get the graph E on the left hand of: 





*U2 








E: 




E^ : 


•p 


•r 



then E^ := E X E is the graph on the right hand of the above figure. Thus Lk{E) = A^2(-^) 
and Lk[E'^) = K ® K ® A4.2{K) which has dimension 6. If the gauge action of Lx{E) 
is trivial then Lk{E) Lk{E) = Lx{E) ® Lk{E) which has dimension 16. Hence the 
cross product of the Leavitt path algebras does not agree with the Leavitt path algebra of 
E\ 

Once we have realized some handicaps of the gauge action of a Leavitt path algebras, 
we propose a different approach. 



ON THE GAUGE ACTION OF A LEAVITT PATH ALGEBRA 



5 



3. Redefining the gauge action 

For any associative and commutative ring k (with unit 1 G A;) denote by alg^ the 
category of associative commutative /c-algebras and by grp that of groups. Recall that a 
/c-group functor is a covariant functor J^: alg). grp. If and Q are /c-group functors, 
a homomorphism r/: J-" — )■ ^ is nothing but a natural transformation from J-' to Q. 

Recall also that an affine fc-group scheme is a representable /c-group functor, that is, 
J-" = homaigj.(i/, — ) for some Hopf algebra H (see [9] or [5]). An affine group scheme is 
said to be an algebraic group if the representing Hopf algebra is finitely-generated. 

For any fc-algebra A we can consider the /c-group functor aut(y4): alg^ — > grp such 
that aut(v4)(i?) := aut(Aij) (where Ar := A® R) for any object R in the category alg^^, 
that is, for any associative commutative fc-algebra R. We also recall the definition of the 
/c-group functor GL„: alg^ — t- grp such that GL„(i?) is the group of invertible n x n 
matrices with entries in R. In particular GLi(i?) = R^ the group of invertible elements 
in R. This fc-group GLi is representable (its representing Hopf algebra being the Laurent 
polynomial algebra k[x,x~^]), hence it is an affine group scheme (and even an algebraic 
group). 

A diagonalizable affine group scheme (diagonalizable group in the sequel) is an affine 
group scheme whose representing Hopf algebra is the group algebra of an abelian group. 
Thus if A is an abelian group and we consider the group algebra kA (with its natural 
structure of Hopf algebra), then the A;-group functor homaigj.(A;A, — ) is said to be diagonal- 
izable and its usual notation is Diag(A) := homaigj,(A;A, — ). When A is finitely-generated 
Diag(A) is an algebraic group (the group structure in homaigj,(fcA, i?) is point-wise multi- 
plication, that is, if a,/3 G hom(A;A, i?) then (q;/?)(x) := a(x)/?(x) for any x G kA). 

3.1. Representation of diagonalizable groups. In this section we note a series of 
results which are well-known but not so easy to quote (at least in its present form). There 
are two (equivalent) approaches to the study of gradings. Both are based upon affine 
group schemes. On the one hand we have the co-modules approach which skips the most 
puzzling notion of affine schemes, and on the second hand we have the representations 
of diagonalizable groups. The gauge action of C*-algebras as well as the definition of 
gauge action for Leavitt path algebras are closer to the viewpoint of representations of 
diagonahzable group schemes. So we adopt this philosophy. 

Most of the materials in this subsection can be seen in |3], [5] and [7] with the slightly 
different terminology of co-modules. That is why we include this subsection in which we 
simply translate the main results to the language of representations. Of course the reader 
familiarized with representations of affine group schemes could skip this subsection and 
proceed with the next. 

Consider a fc-module M and define the fc-group functor GL(M) : alg;, — )■ grp such that 
for any R we have GL{M){R) := GL(M^) where Mr := M ® R and GL(Mj{) is the 
group of invertible automorphisms of the i?-module Mr. If G is a A;-group functor and 
p: G ^ GL(M) is a fc-group homomorphism then it is said that p is a representation of 
G. This admits in a standard way a formulation in terms of modules as the reader can 
guess. For any /c-algebra R in alg^, we have a group homomorphism pr: G{R) — )■ GL{Mr) 
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and if a : i? — )■ is a homomorphism of A;-algebras there is a commutative diagram 



G{R) 



PR 



GL(M, 



G{a) 



G{S) 



PS 



GL(Ms 



where for any / G GL(Mr) the map a*{f): Ms — )■ Ms is given by a*{f){m ® 1) = 
(1 (X) Q)f{m ® 1). In other words, a* is the morphism-function of the functor GL(M). 

If G turns out to be a diagonalizable group G = Diag(A) and we consider a represen- 
tation p: G GL(M) then we have group homomorphisms p/?: hom(A;A, R) — )■ GL(Mr) 
for any fc-algebra R. In particular we have pkA- £nd{kK) — )■ GL(MfcA) and the above 
commutative diagram specializes to 



/ 



Snd{kK) 



PkA 



GL(Mj 



fcAJ 



ao f hom(/!;A, R) 



PR 



GL(M 



R) 



where a : kK — )■ i? is a fc-algebra homomorphism. Then the commutativity of the diagram 
yields (taking / = I^a) the formula pn^a) = a*(pfcA(lfcA)) and so 

(2) PR{a){m ® 1) = (1 ® a)[pkA{lkA){m ® 1)] 

that is, pr is completely determined by pkA and so the whole action p is completely 
determined once we know p^A- If we take m G M we may write PkAi^khji^ 1) = 
Ylx£AP>^i''^) ® ^ where px: M — )■ M is a fc- modules homomorphism. 

Theorem 3. The set {paIaga is a system of orthogonal idempotents of Sndk{M) and for 
any m & M we have m = X]a^*^('^)- 

Proof. Consider the identity c of the group Snd{kA). This is the map such that c(A) = 1 
for any A G A. So pkA^c) is the identity on MkA therefore m® 1 = pkA{,c){m ® 1) and 
applying formula ([2]) we get 

m®l = pkA{.c){m (g) 1) = (1 (g) c)\pkAiXkA){.m ® 1)] = 
(1 ® c)(^px{m) ®X) = ^px{m) ® 1 

A A 

whence the second assertion of the Theorem (m 1 = implies m = applying l0e 
where e is the counit of the Hopf algebra kK). To see the first one we use: the equality 
Pui^aP) = Pr{oi)pr{I3) which holds for any fc-algebra R and any a,l3 E homa\g^{kA, R). 
Thus we take R = kA0kA and a, /3 : /cA — )■ i? such that a(A) = A0l, /3(A) = I0A for any 
A G A. 

Taking into account this as well as equation ([2]) we get: 

'^Pxim) (g) A0A = y^^PfMPxjm) (g) p0X 

A A,^ 



ON THE GAUGE ACTION OF A LEAVITT PATH ALGEBRA 



7 



and since {/i0A : yU, A G A} is a basis of R we conclude that for any A, /i G A one has p\ = p\ 
and Pf,px = if A 7^ yu. 

Corollary 1. // the k-module M admits a decomposition M = ©aga^a where A is an 
abelian group, then there is a representation p: Diag(A) — )■ GL(M) such that for any k- 
algebra R the map pn acts in the form pii{oi){m\®l) = mx®a{X) for any a G hom(/cA, R) 
and any m\ G M\. Reciprocally given a representation p: Diag(A) — )■ GL(M) of the 
diagonalizable affine group scheme Diag(A), there is a decomposition M = (BxMx where 
Mx=px{M). 

Proof. The only thing to take into account for the reciprocal is that the set of orthogonal 
idempotents {px} induce the decomposition M = (BxMx- 

Now the last result can be adapted to handle group gradings on algebras. 

Corollary 2. If A is a k-graded algebra A = ©aga^a where A is an abelian group, there is a 
representation p: Diag(A) — )■ aut(yl.) such that for any k-algebra R the map pn acts in the 
form pR{a){xx © 1) = xa © a(A) for any a G hom(A;A, R) and any xx G Ax- Reciprocally 
given a representation p: Diag(A) — )■ aut(y4) of the diagonalizable affine group scheme 
Diag(A), there is a grading A = (Bx&aAx where Ax is the set of all x & A such that 
PR{a){x © 1) = X © a(A) (for any k-algebra R and a G hom(/cA, R) ). 

3.2. A new concept of gauge action. For a Leavitt path algebra A = Lk{E) over 
a field K, the gauge action is defined as the map p: — )■ aut(y4) such that for any 
z G the automorphism p{z) fixes the vertices and p{z){f) = zf, p{z){f*) = z~^f* 
for any edge /. The definition we propose implies affine groups schemes. So consider 
the affine group scheme GLi = Diag(Z) whose representing Hopf algebra is the group 
algebra KZ of Z which we identify with the Laurent polynomial algebra K[x,x~^]. Thus 
GLi := h.om{K[x,x~^], —) and we have GLi(/2) = hom{K[x,x~^], R) = R^ since a K- 
algebras homomorphism K[x,x^^] — > R is completely determined by the image of x in 
R (which is an invertible element in R, and so it belongs to R^). Consequently we will 
identify GLi(i?) with the group of invertible elements R^ of R. Obviously GLi(K) = . 

Definition 1. For a Leavitt path algebra A = Lk{E) over a field K define the gauge action 
as a representation of the diagonalizable group scheme GLi given by p: GLi — )■ aut(y4) 
where for any K-algebra R and any z E R^ we have pr{z){u © 1) = u © 1 for each vertex 
u and pR{z){f © 1) = / © pR{z){f* © 1) = /* © z"! for any f e E\ 

Whith this schematic approach we see that px agrees with the "official" definition of 
gauge action. On the other hand we can define such an action for any i^-algebra A 
endowed with a Z-grading A = ®n&L-^n- just define for any K-algebra R the map 

PR{z){an © 1) := an © -z" 

for any n G Z, a„ G v4„ and any z G R^ . Reciprocally if we have a representation 
p: GLi — 7- aut(y4) for some K-algebra A, then applying Corollary [21 A is Z-graded where 
for each integer n we have 

An = {a & A: pR{z){a © 1) = a © for all z G R^ and each object R in alg^}. 
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The first conclusion we get is 

Theorem 4. The gauge action in schematic sense encloses all the information of the 
grading. We can recover the homogeneous components from the schematic gauge action. 
So DrawbackUl no longer holds with this new definition. 

Let us go now to the notion of p-invariant ideal of A := Lk{E). So we assume given 
p: GLi — 7- aut(y4) the gauge action in schematic sense. 

Definition 2. An ideal I of A is said to be p-invariant when for any K -algebra R and any 
z e we have Pr{z){I C I ^ R. 

Clearly, if / is a graded ideal of A then / is p-invariant: indeed take a i^'-algebra R 
and any z G R^ . Take any a & I, then a = ^ a„ where each a„ G / fl An- Thus 
pji{z){a ® 1) = PR{z){an 1) = J2n o-n® ^ I ® R- Consequently graded ideals of A 
are p-invariant. But the reciprocal is also true: 

Theorem 5. An ideal I of A is graded if and only if it is p-invariant. Thus Drawback\E 
no longer holds. 

Proof. If Pr{z){I ® 1) d I ® R for any R and z G R^ take a G / and its decomposition 
a = ttn where an G An. Then pR{z){a ®1) = a„ ® 2;" G I0R for any z E R^ . Now 
take R to be the algebraic closure of K. Then choosing a collection z.^, . . . ,Zk G R^ of 
pairwise different elements we have: 

/I l0zf'= ••• l0z^W 2fc+l 



(3) (a_fc0l, . . . ,aA;0l) 



G (/0i?) X • • • X {I0R) =: (I0R) 



2k+l 



\l l0z\ ■ ■ ■ 104-1, 

where the matrix is invertible (again Vandermonde's argument). If we denote by M such 
matrix then we have (a_fc0l, . . . , 0^0!) G M~^(/0i?)^'^"'"^ C {l0Ry^~^^ which proves that 
for any n we have a„0l G I0R. This implies that On E I for each n. 

Let us deal with Drawback ^ [3] now. Given two Leavitt path X-algebras Ai and A2 
with their respective gauge actions in schematic sense p^: GLi — )■ aut(Ai), i = 1,2. Then 

Definition 3. A homomorphism f : Ai ^ A2 is said to be a gauge-homomorphism if the 
following square is commutative. 

f0l 

Ai0R A20R 



(pi)-r(2) 



Ai0R A20R 
foi 

for any K -algebra R and any z G R^ . 

It is easy to prove that in case / : — )■ ^2 is a graded homomorphism, then it is a gauge- 
homomorphism: take a & Ai homogeneous of degree say n. Then {p2)R{z){f0l){a0l) = 
{p2)R(yZ){f{a)0l) and since /(a) is an homogeneous element of A2 of degree n then (p2)/j(-2)(/0l)(a0l) 
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f{a)0z'^ = (/0l)(a0z") = {f0l){pi)ji{z){a0l). Thus / is a gauge-homomorphism. But we 
have also the reciprocaL 

Theorem 6. The homomorphism /: — )■ graded if and only if it is a gauge-hom- 
omorphism. Thus DrawbacklM disappears. 

Proof. The proof is based on the possibihty of taking R in alg^ to be the algebraic 
closure of K which is an infinite field and then an argument in same line as above (proof 
of Theorem [5]) . 

The following problem we found in the standard definition of gauge action was the 
statement of the Algebraic Gauge-Invariant Uniqueness Theorem for Leavitt path algebras. 
We can re-state it in the following form. 

Theorem 7. (The Schematic Algebraic Gauge-Invariant Uniqueness Theorem.) Let E he 
a row-finite graph, let K he any field, and let A he a K-algehra. Denote hy 



the gauge-action of Lx{E). Suppose (p: Lx{E) A is a K-algehra homomorphism such 
that (f){v) 7^ for every v E E'^ . If there exists an action a: GLi — ?■ aut(A) such that 
{(j)0l)pR{z) = (7R{z){(f)0l) for every z G , then (j) is injective. 

In this theorem we eliminate the hypothesis on the infiniteness of K (however the 
schematic version of the gauge action must be used instead of the standard one). The 
proof is straightforward since by Theorem the homomorphism (p is graded and then we 
can apply [HI Theorem 4.8]. 

Also by using the gauge action in schematic sense the hypothesis on the infiniteness of 
the ground field K in [1], Proposition 1.6] can be dropped. Since the notion of graded ideal 
and of gauge invariant ideal agree when we use the schematic version of the gauge action, 
such exceptionalities as the ones observed in Proposition 1.7] are no longer present. 

3.3. Cross product of algebras. Let be a field and A a K-algebra with an action 
p: G ^ aut(yl) where G is an affine group scheme. This means that p is a natural 
transformation between the given ii'-group functors. Then we define 

Definition 4. The fixed suhalgehra A^ of A under p is the one whose elements are the 
elements a E A such that pR{z){a ®1)= a0l for any K-algehra R and any z G G{R). 

If A and B are iT- algebras provided with actions p: G ^ aut(y4) and a: G ^ aut(i?) 
then there is an action p0a: G — aut{A0B) such that for any iT- algebra R and any 
z G G{R) we have {p0a)ji{z) given by the composition 



p: GLi -> aut(Lx(^)) 



iA0B)n 



A0B0R 



A0B0R0R 



e 



Ar0Br 



Y 



{A0B)r 



A0B0R 



A0B0R0R 



Ar0Br 



where: 
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• 6: R ^ R0R is given by S{z) = z0l, 

• 9 is the isomorphism a0b0r0r' a0r0b0r', 

• fi: R0R — )• i? is the multiphcation fi{r0r') = rr'. 
Summarizing 

{p0a)R{z) = {l0fi)e-\pR{z)0aR{z-^))9il06). 
Now a direct (but not short) computation reveals that 

{p0a)R{zz') = {p0a)R{z){p0a)R{z') 

for any z and z'. So any {p0a)R{z) is invertible with inverse {p0a)R{z^^). Moreover, since 
{p0a)R{z) is a composition of i?-algebras homomorphisms, then {p0a)R{z) G a.ut{{A0B)R). 

Definition 5. The action p0a: G — )■ aut(y4 ® B) will be called the tensor product action 
of p and a. The fixed point subalgebra {A0B)p°'^ of A0B under p0a will be denoted A fi^B 
and called the cross product of A and B by the actions p and a. If there is no ambiguity 
with respect to the actions involved we could shorten the notation to A0gB. 

It can be proved that this definition is coherent with the previously mentioned for C*- 
algebras. 

Consider now two Leavitt path algebras Lk{E) and Lk{F) of the graphs E and F 
respectively. We assume given the gauge action of each algebra and ask about the cross 
product algebra Lk{E)0g,i^^Lk{F) . With not much effort one can prove that it consists on 
the elements of the form Ylm&z '^n0bn where a„ G Lk{E) with deg(a) = n while bn G Lk{F) 
has also degree n. Of course we can define on this algebra also an action r: GLi — 
aut {Lk{E)0gi^j^Lk{F)) by declaring for any A;-algebra R and each z E R^ that TR{z){an ® 
r0bn0s) = an0z^r0bn0s. This action induces a grading on Lk{E)0q,i^^Lk{F) in which the 
homogeneous component of degree n is the space generated by the elements of the form 
a0b where a and b are homogeneous of degree n. 

Our next goal is to prove 

Theorem 8. If E and F are row-finite graphs with no sinks, then there is an isomorphism 
Lk{E)0gi,^Lk{F) = Lk{E X F) where the product of the graph is the one described in 
Section 2. 

Proof. We consider the path algebra K{E x F) whose basis is the set of all paths of the 
graph E X F. There is a canonical homomorphism of i^'- algebras map 

K{E X F) ^ Lk{E)0guLk{F) 

such that for any {u, v) & E^ x F^ and (/, g) & E^ x F^ we have 

(li, v) ^ U0V, (/, g) ^ f0g, {f*,g*) ^ f*0g*. 

This homomorphism induces one 0: Lk{Ex F) — )■ Lk{E)0g,i^^Lk{F) such that (f){u, w) 7^ 
for each {u,v) G E'^ x F^ . Furthermore if we take the action 

r: GLi ^ aut(LA^(F)0GLii^A'(i^)) 

defined above, we see that (</> ® 1)pr{z) = tr{z){(/)01) where p is the Gauge action of 
Lk{E X F). Thus applying Theorem [7] we conclude that is a monomorphism. To see 
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that it is also an epimorphism we need the hypothesis that the graphs have no sinks. 

Since Lk{E)0q,i^-^Lk{F) is generated by elements of the form a0h where deg(o) = deg(6) 
it suffices to show that these elements are in the image of 0. First we prove that if /i and 
r are paths of the same length (say n) and m is a vertex, then iit*0u is in the image of 0: 
Indeed, fXT*0u = IJ-T*0j2i 9i9i (since F is row-finite and has no sink), li fj = f/j,' where 
f e and fx' is a path then fXT*0u = Y^i{f0gi){lx'T*0g*) and if r = hr' with h e and 
t' a path then fXT*0u = ^i{f09i){fJ-'T'*h*0g*) = j2iif09i){fJ-'r'*0r{gi)){h*0g*). Applying a 
suitable induction hypothesis this proves that iit*0u is in the image of 0. Symetrically it 
can be proved that the image of contains the elements of the form v0a5* with v E E^ 
and (7, 5 being paths of F of the same degree. Now any generator of Lk{E)0q,i^^Lk{F) 
say iit*0(t5* such that deg(//) — deg(T) = deg(cr) — deg(5) we can written as a product of 
element which obey some of the foUowings patterns: 

• f0g with f e E^ and g e F^. 

• f*0g* with f e E^ and g e F^. 

• ^T*0u with u & F^, ij, and r being paths of E of the same length. 

• v0a6* with v G E^, a and 6 being paths of F of the same length. 

Since any of these elements is in the image of 0, this proves that (j) is an epimorphism. 



References 

[1] G. Abrams, P. N. Anh, A. Louly and E. Pardo. The classification question for Leavitt path algebras. 

Journal of Algebra. Vol. 320(5), 2008, 1983-2026. 
[2] G. Aranda Pino, F. Perera Domenech, and M. Silcs Molina (Eds.) Graph algebras: bridging the gap 

between algebra and analysis. ISBN: 978-84-9747-177-0. University of Malaga Press, Malaga, Spain, 

2007. 

[3] T. Bates. Applications of the Gauge-Invariant Uniqueness Theorem for Graph algebras. Bull. Austral. 
Math. Soc. Vol 65, 2002, 57-67. 

[4] M. Demazure and P. Gabriel. Introduction to Algebraic Groups and Algebraic Geometry. North- 
Holland Mathematics Studies. North-Holland Publishing Company. 1980. 

[5] J. C. Jantzen. Representations of algebraic groups. Pure and Applied Mathematics vol. 131, Academic 
Press, Orlando, 1987. 

[6] A. Kumjian. Notes on C* -algebras of graphs, in Operator Algebras and Operator Theory, Contemp. 
Math. 228 (Amer. Math. Soc, Providence, R.I., 1998), pp. 189-200. 

[7] S. Montgomery. Hopf algebras and their actions on rings. CBMS Regional Conference Series in Math- 
ematics, 82. American Mathematical Society, Providence, RI, 1993. 

[8] M. Tomforde. Uniqueness Theorems And Ideal Structure For Leavitt Path Algebras. J. Algebra 318 
(2007), 270-299. 

[9] W. C. Waterhouse. Introduction to Affine Group Schemes. Graduate Texts in Mathematics. Springer- 
Verlag New- York Inc. 1979. 
[10] I. Raeburn. Graph Algebras. American Mathematical Society. Regional Conference Series in Mathe- 
matics. Number 103. 



12 



M. G. CORRALES, D. MARTIN, AND C. MARTIN 



M. G. CoRRALES: Universidad de Malaga, Departamento de Algebra GEOMETRfA y Topologia, 

Facultad de Ciencias, Campus de Teatinos s/n, 29071 Malaga, Spain. 
E-mail address: 0618459402@uma.es 

D. Martin: Departamento de Matematica Aplicada, Escuela Tecnica Superior de Inge- 
NiEROs Industriales, Universidad de Malaga, 29071 Malaga, Spain. 
E-mail address: dmartin@iima.es 

C. Martin: Universidad de Malaga, Departamento de Algebra Geometria y Topologia, 
Facultad de Ciencias, Campus de Teatinos s/n, 29071 Malaga, Spain. 
E-mail address: candido@apncs.cie.uma.es 



